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The nonlinear problem of diffraction of a weak shock wave near a rigid wall with
a kink is examined, The solution of the problem in linear formulation leads to
the appearance of a singularity at the point of intersection of the initial and dif-
fracted fronts, Subsequent approximations do not remove this singularity, The
reported attempt by de Mestre [1] to remove this singularity leads to considerable
mathematical difficulties which cannot be completely overcome.,

In this paper the method of matched asymptotic expansions [2] is applied, and
a uniformly applicable solution of the problem is constructed in the first appro-
ximation, The solution of the problem in the acoustic formulation [3, 4] is used
for the external solution, The internal problem is reduced to the solution of the
nonlinear problem in the theory of shott waves (5],

1, Let us examine the propagation of a plane weak shock wave through a quiescent,
ideal, polytropic gas along a rigid wall with a kink a. The system of coordinates is
selected as shown in Fig,1a, The rate of
propagation of the shock wave [/,is deter-
minated by its intensity
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Here p, a, % are pressure, speed of sound
Fig. 1 and the ratio of heat capacities, respec-~
tively, The subscript 0 corresponds to
gas parameters ahead of the shock wave,the subscript 1 behind the shock wave, At the
instant ¢ == () the shock wave passes through the point of the kink in the wall 0. As the
shock wave propagates further along the inclined wall OC , expansion waves arise,
Through interaction with these expansion waves the shock front . AC is bent while the
pressure along the front declines from the value p, at the point A to the value p, in the
direction of the wall, The diffraction (perturbation) region is closed from above by the
boundary AB which represents the front of the wave of perturbation arising at the point
0 and the time ¢t = 0.
In the diffraction region C 4 BC the components of velocity u, v, the pressure p, the
density p, and the entropy S satisfy the equations of dynamics (motion, continuity, state,
energy)

wutte vy + e =0, v tuv +ow,+Lp, =0 (@12
ot + p)e + (v0)y =0, p=p( S), Si+uS.+vS, =0

For weak shock waves we can neglect the entropy change in the entire region of diffrac~
tion and to assume the flow to be irrotational to the order of &° inclusive, Let us intro-
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duce the velocity potential ¢

D =u, D, =0
and write the equation of state in the following form:
—_— n x
wp — P=P _ [(..?.> —1] (1.3)
» Po

The absence of characteristic dimensions of length and time in the problem permits to
introduce dimensionless independent and dependent variables

T =agtrcos 8, y =aprsin®, @ = g,%f(r, 0) (1.4)
u = au*, v=a*, a =¥, p =pap*, p = pep*, Uy = a,U,*

From equations of motion (1, 2) and (1, 3), utilizing (1. 4), we can obtain an equation
[1, 6] for the potential

(A=) frr = fo A fon = 06— ) (F = 1) (For + o + 7 Foo) -
2o lfo — riw) — 2rfof,s -+~ fitfon + - Fefafro + fr2frr —
= AR o [ A Y B ()

and also the Bernoulli equation
@t = (1 + %P =1 —(x—1) (f —rfy 41 + 2‘7@ (1.6)

The superscripts on variables have been omitted, Let us formulate the conditions on the
boundary of the diffraction region, On the rigid wall BOC

fo=0for ® = —aand O =g (1.7

The location of points 7 = r (#) of the front of perturbation AB is determined
through the velocity of sound @, and the normal component of the gas velocity with
respect to the front u,,by the equation

7 ety ’ . 7\ 291,
()] mu e we= (o= ho) [t +(F)]T @8
On the perturbation front AB the following conditions of continuity of velocity and
pressure hold fo = far fo = Fres P =P (1.9)

Here the velocity potential /; and the relative excess pressure P, of the homogeneous
flow behind the front of the shock wave AKX have the following form according to(1.1)

w W2
fi=c(creosf—1), c=(1+% 13) . P,=¢  (1.10)

, 2
The equation of the shock wave front AC has the form
r=k(0) (1.11)
On the shock wave front AC the following conditions of dynamic compatibility hold
2 _ A2
un:m[Uu_Uo B Uozk[i%‘(\'?)_} (1.12)
e =0, p=f=P __2 _pe_ 4

®Po %1
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Expressing the normal component %, and the tangential component u. of the velocity
behind the shock wave front in terms of the components of velocity f, and f,, we obtain
the following differential equation of the front from conditions (1,12):
2 [N
et (T a1y
We also obtain the conditions
E'f, +f, =0, P =if, (1.14)
In this manner the problem is teduced to the integration of a system of nonlinear
equations (1, 5) and (1, 6) with boundary conditions (1., 7)—(1. 9),(1.13) and (1,14), This
is connected with considerable mathematical difficulties,

2, In the construction of a solution for the diffraction region of weak shock waves
it is customary to use the method [1, 6] of asymptotic expansion with respect to the
small parameter ¢

F(r,0,e) =efV(r, 0 +f®r, 0 +..., P=¢ePY £ PP 4 .. (2.1)
For the first terms of expansion of f(1) and P() we obtain from equations (1, 5), (1,6) a
system of linear equations
2 1 1
(1 _ r..) fl‘r(l) _I_ ___r_ fr(l) + _’? fﬂﬂ(l) — 0, P(l) — rfr(l) — f(l) (2-2)‘
In the linear formulation the front of the shock wave

r=1-4 ek® (8) + 2 k™ (0) 4 ... (2.3)

is examined as a front of weak perturbations (f, = f; = 0) and we obtain in accord=-
ith (1,

ance with (1,13) ;0 = _E__’;T K — 0, kD (8) = 0 (2.4)

The boundary conditions (1, 7)—(1, 9), (1. 13) and (1.14) for potential f® in the first
approximation assume the following form
=0 for 0<Lr<<!1,%=—a, andd =1
Y =cos8, [ =—sin® for r=1 00 (2.9)
M =0, fe =0, for r=1, —aL 080

Utilizing the Chaplygin transformation

s=rtl—yY1T=r% (2.6).
and eliminating f(1) from the system (2, 2), we obtain the Laplace equation for P(1)
P 4 L P 4L P =0 (2.7)
with boundary conditions according to (2, 2), (2. 3), (2. 5)
PW =0 for 0<Lo<1,0=—caandd ==
PO =1 for 6=10<0<n (2.8)

PM» =0 for 0=1, —a<<0<L0

The solution of Eq, (2,7) with boundary conditions (2, 8) was examined in a series of
papers [3, 4] and can be represented in the form [1, 4]

@ _ 1 1—go* M ,
PO —1 — — arctg{i_*_cx ctg - 9}+ (2.9)
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-+ -r[—:;\rctg1

In the case of negative values of the argument, the values of arctangents in (2, 9) are
taken on the other branch according to the formula

arctg n = n — arctg (— 1) (2.10)

In Fig, 1b the pressure field in the diffraction region is shown qualitatively according
to the solution (2, 9), At the point A (r = 1, 68 = 0) the solution (2. 9) has a singu-
larity, The pressure P changes in a jump from the value P =  on AC 10 PV'=
= 1on AB. This singularity is a result of the physical defect in the acoustic formula-
tion when the pressure along the diffraction front AC is constant while the front itself
represents an acoustic region r = 1. The formulation of the second approximation does
not remove the indicated singularity, as was shown in {11, This leads to the necessity to
examine the problem of diffraction as a problem of singular perturbations [2] for the
expansion (2.1).

3, In order to construct a solution which removes the singularity of the acoustic theory
in the vicinity of the point 4, we change to internal variables [2]

re=A4 -1, (x -+ 1)€, 0=11x—1)eY (3.1)
The potential f and the pressure P are represented in the form
1 , .
=2 PO Y+ P=¢PV ... (3.2)

Substituting (3.1) and (3. 2) into the system (1. 5),(1.6) and conditions (1, 8), (1. 9), (1.13),
(1.14) and comparing the orders of higher terms of the left and right sides in Eas, (1. 5),
(1.6),we obtain a4 = 2, 6 — 1’ Y — 1, © = 1/2 (3'3)
Introducing the notation
Fb(l) — u, FY(I) =V

we obtain according to (1. 5) and (1, 6) the following system of nonlinear equations for
the first terms of expansion (3, 2 (single~terrp internal expansion):

2w —8)ps +vy +p =0, py=nvs PY =pu (3.4)
Conditions (1, 8) and (1. 9) on the boundary of the diffraction region assume the form
(Fig. 22) p=l.v=—Y,P"'=1 ford=1I (3.5)
From (1,13) and (1,14) we obtain the equation of the shock wave front A'C’
v ds/dY = 28 —u (3.6)
and the following conditions on the front
po=PW, pdd/dy +-v=0 (3.7

The Hugoniot condition on the front p=pPY
is satisfied automatically, according to the
third equation of (3. 4), Making use of(3,5)—
(3.7), we obtain in the point .1 where the
front -1'C’ intersects with the line {’'B

u=l.v=—1. for § =L Y =1 (3.8)
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We note that for values of ¢ “-. &' the condition on the wall BOC
i . n ¢
Vo= )} fOI ) = "——_.__a_._.__._——— and Y o= —_—— (39)
ViLz—1)e Vizx=1e

must be discarded as external,

The system of equations (3, 4) represents a known system of equations for short waves
[5, 7]. We shall seek a solution for Eq, (3, 4) with boundary conditions (3, 5)~(3,7) in
the following form [5]:

§ = 1LY te? (bp = ¢t — Bsin?(bp +¢) 4 Yobtsin2(bp -+¢) +p (3.10)

v=[bttg(bu 4 ¢) —ulY, b, ¢, B = const

Satisfying condition (3, 5), we obtain ¢ = — b, The arbitrary constant / is determined
in the process of matching the external expansion (2, 9) with the internal expansion
(3.10). The constant B is determined in the process of satisfying the condition of con-
servation of the tangential component (3, 7) on the front 4'C”’.

4, We follow the method of matched asymptotic expansions [2], we express the exter-
nal solution (2, 9) in internal variables (3,1) and retain the first term in the expansion
with respect to & (single-term internal expansion). Then, taking into account (2,10),
we obtain PO —1—a1'ctg Y —28 (4'1)

a Y
writing the internal solution (3, 10) in external variables r and 0 (3,1) and retaining
the first term of the expansion with respect to £ (single-term external expansion), we
obtain the following expression by rewriting the result in internal variables § and Y :

p=P® =1+ —2— arctg ————I—Y% (4.2)

Comparing (4,1) and (4, 2), we determine the value of the constant

h = —mx (4.3)

8, The differential equation of the shock wave front according to (3. 6), (3.10), (4. 3)
has the form

dp _ YDM+ M V@B =2 'LM + py ' —= Y2 LW (5.4)
dy wYeL & M3 (M —L* 41 —2aBLM)
L =sinn(l —w), M=cosn(l —p
B = const

We integrate Eq, (5.1) and construct the shock wave front from the point 4’, where
W =1 and Y = 1. Then, satisfying the con-
/ dition of conservation of tangential component
f (3.7) at the point with the coordinate ¥ =0
where according to (3,10) U = Y/, , we obtain

a5 the value B = (.45 for the constant B,
In Fig.2a the qualitative picture of pressure
4 distribution is shown in the diffraction region,
7 K - g 4 Constant pressure (velocity) lines near the front

Fig. 3 A’C’ are constructed in Fig, 2b according to
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solution (3,10) in the system of coordinates ¥ = Y and X = 8 — /,Y? [7], The
pressure distribution near (Fig, 2b) and along (Fig, 3) the shock wave front A'C’ is con-
sistent with the pressure distribution in the external region where the flow described by
the solution (2, 9) and for the condition & > €'+ does not depend on the angle of the
kink of the wall, For angles a ~ ( (e':) where the condition & >> €' is not satisfied,
solutions (2, 9) and (3, 10) cannot be used, In this case the pressure along the front 4’C’
falls to the value p, > p, on the wall and the boundary condition (3, 9) on the wall
v=0for Y = — a/Y 7/, (x + 1) & must be already satisfied in the solution of the
internal problem (3.4)—(3. 7).

In conclusion we note that a solution of the form (3,10) was utilized in [8] for the
construction of flow near the front of the reflected wave in the problem of shock wave
reflection from a rigid wall with a kink, With reference to the remarks presented above
it appears to the authors, however, that it is not justified to use solutions 3,10) in the
problem on reflection [8] in the case of small angles of the kink of the wall,

The authors express their gratitude to S, V, Fal’kovich for advice in the discussion of
this work,

BIBLIOGRAPHY

1, De Mestre, N, J,, Nonlinear weak shock diffraction, J, Austral, Math.Soc, Vol,
8, Pt.4, pp.737-754, 1968,

2, Van Dyke, M, D,, Perturbation Methods in Fluid Mechanics, New York, Aca-
demic Press, 1964,

3, Sobolev, S, L., Theory of plane wave diffraction, Tr, Seismol, Inst, Ni41,
1934,

4, Sagomonian, A, A,, Spatial Problems of Unsteady Motion of a Compressible
Fluid, M., Izd, Mosk, Univ, 1962,

5, Ryzhov,O0,S, and Khristianovich, S, A,, On nonlinear reflection of
weak shock waves, PMM Vol, 22, N5, 1958,

6. Lighthill, M, J.,, The shock strength in supersonic "conical fields", Philos,
Mag. Vol 40, N:311, 1949,

7. Shindiapin, G, P,, Regular reflection of weak shock waves from a rigid wall,
PMM Vol, 29, N1, 1965,

8. Bagdoev, A, G, and Gurgenian, A, A,, Two nonlinear problems on defi-
nition of regions of shock waves in a fluid, Izv, Akad, Nauk ArmSSR, "Mekha-
nika", N4, 1968,

Translated by B, D,



